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ABSTRACT

Experimental results are obtained for the lowest six natural frequencies and
the associated nodal lines of trapezoidal plates of uniform thickness clamped on
one edge. Three series of plates are investigated. Each series consists of six
plates and is developed from a triangular plate by progressively cutting off por-
tions of its tip parallel to its clamped edge, giving a clipped wing effect. Two
of the series originate from triangular plates of delta wing plan form with aspect
ratios of 2 and 4. A triangular plate with a mean chordline sweepback angle of
45° is used as the basis for the third series. Results are presented in the fomnm
of graphs, tables, and photographs. A method of treating plates of non~isotropic
material is described. The use of interpolation to extend the results to a broader

field of plate shapes is also discussed.
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NOMENCLATURE
The following nomenclature is used in this paper:

C @ root chord (in.)
£, = half span of complete triangular plate (in.)
Az = amount of half span cut from tip (in.)
f = natural frequency (c.p.s.)
f, = natural frequency of a complete triangular plate (c.p.s.)
w = 2nf = natural angular frequency (1/sec.)
w, = 2nf

0

wp = dimensionless angular frequency
h = plate thickness (in.)
E

= modulus of elasticity (1b./in?)

(lb. aec?)

p = mass density of plate material .
n.

= Poisson's ratio
D = flexural rigidity = En3/12(1 =A?)

a = scale factor




INTRODUCTION

As an extension to the experimental investigations that have been made of the
natural vibrations of cantilevered trinagular plates1 this study was undertaken to
explore the effert of cutting off portions of a triangular plate parallel to its
clamped edge. The vibrational characteristics of the trapezoidal plates formed by
such cuts appear to be of as much importance as those of triangular plates, since
uniform flat plates of both plan-forms approximate basic wing and tail surfaces on
many guided missiles and some high speed aircraft.

The variations.in plan form of trapezoidal plates are seemingly endless. Yet,
if one is willing to confine attention to the case of parallel root and tip chords,
any shape may be regarded as a function of three convenient parameters: aspect
ratio of the plate (extended to form a complete triangle), sweepback angle of the
mean chord line, and ratio of the span removed from the triangle to the original
span of the triangle. If, for any values assigned to two of these parameters, it
were desired to examine five different cases of the remaining parameter, then 125
plate shapes would be required, Such a program while not impractical, seems o#erly-
ambitious as long as the application of flat plate vibrations to aircraft and missiles
is still in an exploratory stage, and while considerable attention is being given to
finding analytical solutions.

This report covers eighteen trapezoidal shapes derived from only three tri-
angles. In a later section it will be shown how interpolation may be used to cover
the field of delta wing shapes from aspect ratio 2 to aspect ratio 4, and for an
aspect ratio of L4, interpolation may again be used to explore mean chord sweepback
angles ranging from tan~? 0.5 to tan”! 1.0.

The configurations and designations for the three series of plates investigated
are given in Figs. 1, 2, 3, and 4. Series I and II are both developed from triangular
plates of the delta wing shape (the trailing edge is a straight line from wing tip

to wing tip). The root chord in series I is egual to the total span while in series
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II it is half of the total span. Series III originates from a sweptback triangular
plate with a root chord equal to half its span and a mean-chord sweepback angle of
45°. The parameter ‘1,422 (see Fig. 1) varies over the same range for each
series, from O to O.4. All three triangular plates from which the three series are
developed have been investigated previously.1
The test procedure and equipment used for the experimental determination of

the natural frequencies and node lines was the same as that described in reference
(1). The plates for each series were cut progressively from the steel plates A-l,
A-2, and S~-5 used in the authors' earlier investigations of triangular plates. Thus

the material properties were kept fixed for a given series. These properties are

listed in Table II.
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DISCUSSION QOF RESULTS
Series 1

Figure 5 shows the photographs of the node lines for the first six natural
mcies of plates I-1, I-2, I-4, and I-6 arranged in order of increasing fréquency
from left to right. For comparison the node lines for the first six natural modes
of the triangular plate from which the series was developed are also shown under
the plate designation I-0O. The frequencies corresponding to these modes for all
five plates shown,as well as those not shown, are given in cycles/sec. and in a
dimensionless form in Table I. A discussion of the material properties used in
computing these dimensionless frequencies will follow in a subsequent section.

By choosing a given mode in Fig. 5 and observing the behavior of the node lines
as the parameter 15%&{2% increases, it can be seen that the changes in mode
shape from plate to plate follow definite patterns, thus establishing a type of
shape family. An exception to this case in series I occurs in the 3rd modes of
plates I-C and I-1-which belong to the shape family represented by the 4th modes of
plates I-2, I-4, and I-6 and the 4th modes of plates I~0 and I-l which belong to the
same family as the third modes of I-2, I-4, and I-6. In each mode the frequency in-
creases as more of the tip is removed. This behavior is true for the other two series
also and is to be expected, since an increase in ‘5jz2£ brings about a de-
crease in the mass of the plate. The fundamental mode of all five plates can be
generally classified as a spanwise bending mode since only a little bending occurs
in the chordwise direction. Similarly, the second mode can be classified roughly as
a torsional mode, again remembering that some spanwise bending does occur. It is of
little use to attempt a simple classificavion of the remaining modes since they are
composed of varying amounts of chordwise and spanwise bending.

A clear picture of how the amount cut from the tip affects the frequency of the

resulting plate is given by the graphs of Fig. 8. Here percentage change in frequency,




_L-
w - o '
._72;.3 s is plotted against tle parameter ‘gfgjf for all six modes
(]
(-4

of all six plates. Each curve corresponds to u given shape farily so that the per-
centage increase in frequency is based on that mode from which the compuved node
evolved. Families A, B, E, and F are compcsed of the 1lst, 2nd, 5th, and 6th modes,
respectively, of all six plates. Family C consists of the 3rd modes of plates I-0
and I-1 and the Ath modes of I~2, I-L, and I-6 while the 4th modes of I-C and I-1
along with the 3rd modes of I-~2, I-L, and I-6 make up family D.

The curves show that for a given increase in ‘5é£j: there is a greater
percentage increase in frequency in families A and C than in any other family. The
fact that family A is primarily a spanwise bending mode and fémily C has a large
percentage of spanwise bending in it while the rem;ining four families lean heavily
toward torsional modes suggests that removing portions of the tip has a greater
effect on the frequency of spanwise bending modes than it has on chordwise bending,
or "torsional" modes. This can be explained by the fact that the spanwise stiffness’
increases rapidly as the effective span is decreased while the torsional stiffness is

affected only slightly by these changes.

Series Il

The node lines for the first six modes of plates II-1, II-2, II-4, and II-6
along with those of II-~0 representing the triangular plate from which series II is
developed are given in Fig. 6, arranged again in order of increasing frequency from
left to right. The frequencies for all modes of all plates in series II including
II-0 are given in Table I. It can be seen from the photographs that for this series
each given mode makes up a distinct shape family. i general classification can be
extended to three modes of this series. The fundamental and third mode are primarily
spanwise bending modes while the second mode is quite clearly a torsional mode.

The graphs of Fig. 9 show how the frequencies of the plates of this series are

affected by tip removal. The increased effect on bending modes is again shown by
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the behavior of the curves of the shape farmilies A and C which correspond to the
first and third modes. For ‘{é%g: in the range O to 0.2 curve E behaves much
like A and B. A check of the node lines of the fifth mode in this range sﬁows that
the mode consists of a large percentage of spanwise bending. From 0.2 to 0.4 curve
E behaves much more like B which represents the second mode. A study of the node
iines of the fifth mode of plates Il-4 and II-6 bears this out as it shows that a-

considerable amount of torsion is present along with the bending.

Series IIl

The néde lines of series III are presented in the photographs of Fig. 7 arranged
in the same manner as the first two series. Table I and the graphs of Fig. 10 show
the éffect of tip removal on the frequency of vibration. Again in this series all
modes of a given order belong to the same shape family. The same general classifi-
cations can be applied to the first and second modes of this series that have been .
given the corresponding modes of the preceeding series. The other modes are too
complicated to be given simple classifications. This is borne out by the absence in
Fig. 10 of the distinct difference in behavior between bending and torsional and
combined modes so apparent in Figs. 8 and 9. However, curve C in Fig. 10 does seem
to indicate that the third mode might behave as a bending mode even though it may

not appear so from its node lines.
FREQUENCIES OF PLATES OF SIMILAR PLANFORM

The frequencies given in Table I can be used to predict the frequency of a
plate with a similar planform but haviﬁg different size, thickness and material
properties by using Eq. (1) in which the primed quantities refer to the plate whose
frequency is to be predicted and the unprimed quantities refer to the plate whose

1 .
frequency is known.
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o is a scale factor relating all the dimensions of the two plates except the thick-
ness. It is shown in the development of this expression in reference (1) that this
conversion formula is exact only for plates having the same Poisson's ratio but it
also provides a good approximation for plates whose Poisson's ratios are not much
different.

The use of Equation (1) is made less cumbersome by rearranging it and combining
the quantities relating to the plate of known frequency into a dimensionless fre-
quency. Introducing Cl = KC jnto (1) gives

{:lz Cz ,rt’ [E_' ¢ ("‘"‘2) ]-'7—_ 4{:
e e s 2
¢ hLE & @£

’ ! ’ 1 2 2 'i,
or -[: = -C%E [f’(iﬂ,z)‘]z _fl__ [f(\éﬂ )] ‘F (3)

(2)
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: et
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Where w = 2nf, D = |2.(|'/")
Therefore (3) can be written as

2

€ [£6:22

but

4

/
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= dimensionless frequency (6)

where w =
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This form of the frequency is used in reference (3).

Equation (5) gives the unknown frequency of the new plate in tems of its pro-
perties and dimensions and the dimensionless frequency, CL)D . It is seen that once
CL)D is computed, the user of this transformation need no longer be concérned
with the properties and dimensions of the original plate for which the frequency is

known. This development also eliminates the scale factor o and introduces in its
place a significant dimension of the plate, the root chord. The dimensionless

frequencies tabulated in Table I were computed from Eq. (6).
FREGUINCIES OF PLATiS OF DIFFERENT PLANFORM

The graphs and tables of this report may be used to estimate the natural fre-
quencies of a plate having a planform within the range, or slightly outside the
range, of the planforrs actually tested. This may be done by a simple interpolation
or extrapolation. Confidence may be placed in such a procedure as long as the
numerical values being interpolated between, or extrapolated from, are not. far apart.
A study of the effects of aspect ratio and sweepback on triangular plates] should
also prove helpful in determining whether the frequency behavior is sufficiently
linear in the interval being considered. The method will be demonstrated by several
examples,

I. Interpolation applied to plate of truncated delta-wing planform.

In Fig. 11(a) is showm a delta-wing planform which is intermediate in shape
between the plates of Series I and Series II. The aspect ratios of the complete

triangular delta-wing shapes are as follows:
2L _ 2Q(0) _
Series I.  Aspect Ratio = &~ = =35 Z
2

20
Series II. Aspect Ratio = .EE = 2(|0) = 4

Plate (a) Aspect Ratio = &éL_ . 2—‘—‘? = 2.5
1

The graphs of frequency vs. aspect ratio for complete triangular plates reveal that

in the range from 2 to 4 the frequency of the first six matural modes are approximately

P



TABLE 1

MEASURED AND DIMENSIONLESS FREQUENCIES FOR TIP REMOVALS OF FROM O 10 40 PERCENT OF SPAN

SERIES I

Family A c E
Mode 1 2 3 p) :

ALfE, f wp T wp T wp) £ wp £ uwp f  uwp
0 32.8 22.0 | 91 58.7 | 16, 110 | 181 119 | 283 186 | 318 228
.1 35 22,7 | 93 60.0 | 179 120 ;181 119 | 293 192 | 352 231
.2 38.5 25.8 | 97.6 63.0 | 18y 121 | 212%¢ 1,2 | 302 198 | 362 238
.25 1.9 28.0 | 99.4 64,1 | 186% 122 | 235%% 157 | 304, 200 | 366 24,0
.3 L8.3 32.3 |103.4 66.8 | 190% 125 | 266+ 178 | 308 202 ! 379 249
.35 53.7 35.9 [ 107.4 69.4 | 196% 129 | 299« 200 { 314k 206 | LOL 265
oh 60 40.1 | 112 72.3 | 202% 133 | 350% 234 | 312 205 | 436 286

% Family D
%% Family C
SERIES II

Family A B c D E
NMode 1 2 3 L 5

AL[L, £ wp f wp f - uw £ wp £ wp f wp
0 34.5 5.87} 136 23,8 | 190 32.4 325 56,1 1441 76,0 [ 578  99.7
1 37 6.30 | 142 2,.8 | 198  33.7|335 57.8|482 83.1|583 101
2 42 7.15 1 153" 26.7 | 223 38,0 {364 62,8561 96.9 598 103
.25 L6 7.83 | 157 27.4 | 243 M1.4 {374 6k.5|596 103 621 107
.3 50.5  8.60] 161 28,2 | 268  45.6 |385  66.5|606 105 {660 114
.35 56 9.53 | 169 29.5 | 300 51.1{40 70.8 1629 109 |695 120
oby A 10.9 | 175 30.6 | 339 57.7 |43k 749639 110 |718 124

L . - L e .

§f -




TABLE I (eont.)

SERIES III

Family A c 3

Mode 1 3 5
Agfe, f wp £ wp f wp r wp £ uwp f
(¢] 26.3 4.50 | 101 17.6 | 171 29.3 | 259 W7 346 59.7]| 522 90.0
A 2709 L8 M0 9.2 [1en 315|271 47.3] 376 a9 535 90,5
2 |35 5390112 23 198 33.9]289  49.8] 138 75.6| 502 9.5
25| 34.8 5.9 | 130 22.7| 215 36.8[300 51.7| 476 e2.1] 567 97.8
3385 6.59(136  23.8 |23 41.6|312  53.8] 505 873|655 107
35 | Wh.9 T.69 | L3 25.0 | 277 AT.4| 321 56| 5k0 93.2| 67n 16
b 1517 885|151 26 | 314 53.8[ 347 59.9] 573 98.9] 699 121




TABIE II

Plate Properties

Experimentally Determined /a
Spanwige E Chordwise E fe h (assumed)
Plate (#/in.“) - (#/in.s) {#/in.>) (in.)
Series - I 29.3 x 106 31l.5 x lO6 .281 0622 29
6 6
Series - II 29.2 x 10 27.8 x 10 .28l .0613 29
. 6 6
Series ~ III 29.0 x 10 27.8 x 10 281 0613 .29
10" x 1on 6 6
2.3 x 10 31.5 x 10 .282 0627 29"
square
1
18" x 23" 29.8 x 10° .282 .0585 .29
beam




B
linear functions of aspect ratio and it was decided to use this as a basis for inter-
polation in the truncated plates as well.

Furthermore it has been found that interpolation produced better results, on the
whole, when the semi~span of the complete delta plate was used to compute dimension-
less frequencies, rather than the chord. Noting from Eq. (6) that the dimensionless
frequency varies as the square of the length, ¢, then the dimensionless frequencies
of Table 1, Series I should be divided by 4 if the 10" semi-span were used to compute
wp. Series 11 dimensionless frequencies would be unaffected since the semi-span and
chord are equal. Table III gives the dimensionless frequencies for the complete tri-

angular plate ( A%-‘-'o) of Series I.

o

TABLE III
Dimensionless Frequencies for Series I, Based on Span
Mode 1 2 3 b4 5 6
wy for 444 = p 5.50 14.7 27.5 29.8 16.5 57.0

For a numerical example, consider the second mode of vibration (Family B) of the

plate shape in Fig. 11 (a). A% - 28 . o0.38
o /0

* From the graph of family B, Series I, Fig. 8, the frequency ratio is A% = 0.22
From the graph of family B, Series II, Fig. 9, the frequency ratio is A%,‘ oz27
Then wp for Series I is 1.22 x 58.7/), = 17.9 and wp for Series IT is 1.27 x 23.8 = 30.2.
Interpolating, we obtain wp for plate (a) = 17.9 + gf% (12.3) = 21.0

Next the frequency of an actual steel plate is predicted, assuming the elastic

properties as given below.

h = 0059 .
E = 29 x 10° pst
M= 0,24

ANy — .
D = |1(‘-Ik‘) = 560 u?. “n,
L

P
N
s
.}
»

1ot

f = 0-282 = 73 x\o'4' [b.-sec*

386 ind

K‘.'zf‘-\
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men W=l M4 = 3540, (7)
PL(2)
Thus for the second mode of this plate, f = 35.4%X21.0_ {{8 cycles rer second.
. a1t
The experimentally measured frequency of this plate was 116 cycles per second.
By this procedure of interpolating between Scries I and II to find 600 B

and then using Eq. (7), the first six natural frequencies of this plate were

calculated and are compared with experimental resultc in Table IV,

TABLE IV

Comparison of interpolation with exverimentally observed freouency, Plate (a)

Mode Family A B D C E F

Mode Number 1 2 3 kL 5 6
Predicted Frequency 55 - 118 241 308 372 4,65
Measured Frequency 52.2 116 225 308 370 Lu7
Percent Difference +5.4 +1.7 +7.1 0 + 0.5 +4.0

2. Interpolation applied to plate of truncated,.sweptback planform.

In Fig. 11 (b) is shown a plate which is intermediate in shape between the
plates of Series II and Series III. The completed triangular wing has a total
span of 20" and root chord of 10" as do the plates of Series II and III, so that
all three plates have the same aspect ratio. The graphs of fregquency vs. tangent
of sweepback angle for complete triangular platesl reveal that in the range from
0.5 to 1.0 the frequencies of the first six natural modes are approximately
linear functions of the tangent of the sweepback angle (based on mean chord line)
and it was decided to use this as a basis for interpolation in the truncated plates
as well.

As an example, consider the third mode of plate (b) in Fig. 11,

151? = 3.29 - C).532.5..
//o 1o
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From the graph of family C, Series II, Fig. 9, the frequency ratio is A% = 0.419
©
From the graph of familv C, Series III, Fig. 10, the frequency ratio is A% = 0.5l
sedo

Then Wy for Series II is 1.44 % 32.4 = 48.2
and W, for Series ITI is .51 % 24.3 = 441
Furthermore the sweepback tangents are
Series I, 'tah oL=o0.5%
Series II, tan &= 1.0
Plate (b), *am k= 0.7
Then a)D for plate (b) = 48.2 — %‘2’:"4‘.0 = 46.6
Next the freaquency of an actual steel plate is predicted assuming the
elastic properties as piven below. The modulus of elasticity is based on experi-
ments made on plates of similar steel.

h = 0.0613 .
= 218.5 10" Fsi.

E
/( = 0.29
- ___E_'_E-— = -y
D4' 120 . 4-'5'018 tb-m
Cr= 15t
-4
f= %22 = 72850 lb-sec

Then ¢ = wo‘/%c‘* = 36.b WOy (8)

Thus for the third mode of this nlate, {' = 36.6 2466 = 271 cycles per second.
1

The experimentally measured frequency for this plate was 270 cycles per second.

A comparison between predicted and measured frequencies for the first six modes

of this plate is given in Table V,

o Ry
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TABLE V

Comparison of interpolation with experimentally observed frequency, Plate (b)

Mode Family A B c D E F
Mode Number 1 2 3 4 5 6
Predicted Frequency 48.2 158 272 366 581 668
Measured Frequency  47.3 150 270 350 579 650
Percent Difference + 1.9 +5.3 + 0.7 +4.6 +0,3 +2.8

As a closing remark on interpolation, it seems evident from the photographs of
Figs. §, 6, and 7, that interpolation may be applied to shapes of natural modes,

as well as to the frequenciés of vibration.
THE EFFECT OF NON-ISOTROPY IN PLATE MATERIAL

It is well known that the rollinr nrocess introduces a directional character
into the grain structure of metals, the grains being longer in the direction of
rolling. This orientation of grains is only partly relieved by annealing. It has
been fbund that the ultimate tensile strength and ductility of steel may vary con-
siderably, depending on the direction in which these vroperties are measured in
rolation to the rolled plate.2 In attempting to check the accuracy of our tech-
niques by comparison with work of Barton3 and Dalley and Rippergerh we begen  to
suspect a difference in the moduli of‘elasticity in.the spanwise and chordwise !
directions for the steel plate being used. Careful static beam deflection tests ’ ’*~
revealed that the moduli in the two directions differed by as much as 7 percent,
one plate having 29.3 x 106 psi in the direction of rolling and 31.5 x 106 psi
perpendicular to the direction of rolling.
In determining the modulus of elasticity, two beam specimens, 1/4 inch wide
and 1/2 inch wide, were cut from both the spanwise and chordwise directions for each

of the three original triangular plates. The spanwise direction in Series I and
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the chorduwise dircction in Series II and III coincided with the direction c¢f rolling.
The material was hot rolled steel anproximtely 1/16" thick. The edges of the beams
were accurately ground to give a constant uniform cross section throughout. They
were then placed on specially constructed knife edges and deflections were measured
at the center of a 10-inch span, under the action of centrally applied loads. The
load on each beam was gradually increased tc a point near the limit of elastic be-
havior, and then gradually decreased to zero. Curves of load versus deflection were
then drawn to insure that the tests were conducted in the range in which deflection
and load were linearly related. The modulus of elasticity was then comnuted from
the compiled deflection and load data, using elementary beam theory. No signifi-
cant difference was found between the moduli given by the 1/4" and 1/2" beams and

it may be concluded that specimens of both widths were amenable to simple beam
theory.

Table II gives the results of these cxperiments in the form of an average
spanwise and chordwise modulus of elasticity for each plate. Also included in
this table are the measured densities of the plate material and the values of
Poisson's ratio used in commuting the dimensionless frequencies.

The variation of modulus of elasticity with direction in a non-isotropic plates
poses the guestion of what value of E should be used in predicting new freguencies
and computing dimensionless frequencies to insure the greatest accuracy. Since
bending in a given direction is related to the modulus of elasticity in that same
direction it appears that it would'be proper when attempting to predict, say, the
freoquency of a spanwise bending mode to use the spanwise modulus of elasticity.

The dimensionless frequency used for this purpose should be given the same con-
cideraticn if it is obtained from a plate of non-isotropic material, This procedure
is ouite straightforward for modes consisting primarily of either spanwise or

chordwise bending providing the moduli of elasticity of the material are known in
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these directions. However, modes in which bending in both directions are com-
bined make it necessary to use some average of the two moduli depending on the
mode shape. The spanwise E's were used in computing the dimensionless frecuencies
of shape families A and C in each series while the chordwise E's were useé for
shape families B. Due to the complicated shapes contained in families D, E, and
F, arithmetic averages of the spanwisé and chordwise moduli were used in computing
their dimensionless frequencies.

Another effect of non-isotropy should be pointed out. The shape of a natural
mode is unquestionably altered from the shape that would exist if the plate were
isotropic. We feel that even for aprreciably different stiffness in the spanwise
and chordwise directions, the effect on modes which are predominantly spanwise or
chordwise bending would be quite small. For more complicated modes the effect
wonld be more pronounced, and no doubt some of the node lines in Figs, 5-7 are not
quite the same as would be observed for a truly isotropic plate. However, it is
" unlikely that the 7 percent maximum difference in spanwise and chordwise moduli

has introduced serious differences in shape.
CHECK ON ACCURACY OF EXPERIMENTS

In order to establish some idea as to the degree of accuracy of the experimen-
tally determined vlate frequencies, and as a check on effectiveness of the clamping,
the first five natural frequencies of a 10" x 10" cantilevered square plate and of
an 18" x 23" beam were determined using the same test equipment and procedure used
on the trapezoidal plates. A comparison was then made between the observed fre-
ouencies and existing experimental znd theoretical results. The results of this
investigation are presented in Table VI.

Before the dimensionless frequenéies were computed,tests were run to determine the

moduli of elasticity of the square plate and beam, which were cut from 1/16 inch
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commercial cold rolled steel. These tests were conducted in a manner similar to
those previously discussed with the sxception that only the spanwise modulus was
determined for the beam specimen since only spanwise bending occurred in the first ‘
five modes. The moduli determined for the square plate and beam are listed with
those of the triangular plates in Table II. The first and third modes of the
square plate are primarily bending modes, the second and fourth consist chiefly
of torsion, and the fifth is a combihation of both. Hence in computing the
theoretical frequencies the spanwise modulus was used for the bénding modes, the
chordwise modulus for the torsional modes and an a.ri.thmetic average of both was
used for the fifth mode.

When the appropriate modulus is used, the dimensionless frequencies obtained
for the square plate agree (iuite well with both the numerical solutions of Ba'.r'ton3
and the experimental work of Dalley and Rippergerh.

The measured beam frequencies also agree closely with the theoretical values

5
based on elementary beam theory ,
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FIG. 9. EFFECT OF TIP REMOVAL ON FREQUENCY, SERIES II.
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FIG. 10. EFFECT OF TIP REMOVAL ON FREQUENCY, SERIES III
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